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Abstract. In the present paper two certain subclasses of the starlike functions
associated with the vertical strip are considered. The main aim of this paper
is to investigate some basic properties of these classes such as, subordination
relations, sharp inequalities for sums involving logarithmic coefficients and
estimate of logarithmic coefficients for functions belonging to these subclasses.
1. Introduction
Throughout this paper ∆ is the open unit disc on the complex plane C. Let
H be the class of all analytic functions in ∆ and A be a subclass of H with the
normalization f(0) = f ′(0) − 1 = 0. The subclass of A consisting of all univalent
functions f in ∆ is denoted by S. Let S∗ and K denote the subclasses of S consisting
of the normalized starlike and convex functions in ∆, respectively. Also, we say that
a function f ∈ A is close–to–convex, if there is a convex function g such that
Re
{
f ′(z)
g′(z)
}
> 0 (z ∈ ∆).
Let U(λ) denote the set of all f ∈ A in ∆ satisfying the condition∣∣∣∣∣
(
z
f(z)
)2
f ′(z)− 1
∣∣∣∣∣ < λ (z ∈ ∆),
where 0 < λ ≤ 1. For more details and interesting properties of the family U(λ),
the reader may refer to [18]. Also, let G(a) denote the class of locally univalent
normalized analytic functions f in ∆ satisfying the condition
Re
{
1 +
zf ′′(z)
f ′(z)
}
< 1 +
a
2
(a > 0, z ∈ ∆).
The class G(a) has been studied extensively by Kargar et al. [11], Maharana et al.
[16], Obradovic´ et al. [17], and Ponnusamy and Sahoo [20].
It is well–known that the logarithmic coefficients have had great impact in the
development of the theory of univalent functions. For example, de Branges by use
of this concept, was able to prove the famous Bieberbach’s conjecture [1]. The
logarithmic coefficients γn := γn(f) of f ∈ A are defined by
(1.1) log
{
f(z)
z
}
=
∞∑
n=1
2γnz
n (z ∈ ∆).
As an example consider the rotation of Koebe function
kε(z) =
z
(1− εz)2
(|ε| = 1).
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Then a simple calculation gives that
γn(kε) =
εn
n
(n ≥ 1).
The inequality |γn(f)| ≤ 1/n holds for each starlike function f ∈ S and the equality
is attained for the rotation of Koebe function, but it is false for the full class S,
even in order of magnitude. Let f ∈ S and f(z) = z +
∑
∞
n=2 anz
n. Then by (1.1),
it follows that
γ1 =
a2
2
and γ2 =
1
2
(
a3 −
a22
2
)
and thus the following sharp estimates hold
|γ1| ≤ 1 and |γ2| ≤
1
2
(1 + 2e−2) ≈ 0.635.
However, the sharp estimate of |γn| when n ≥ 3 and f ∈ S it is still open. For
more explanation of this issue, it is necessary to point out that there is a bounded
and univalent function with logarithmic coefficients γn such that γn 6= O(n
−0.83)
[5, p. 242]. Also, there exists a close–to–convex function f such that |γn(f)| > 1/n,
[7]. In completing this entry Ye showed that the logarithmic coefficients γn of
each close–to–convex function f in S satisfy |γn(f)| ≤ (A logn)/n, where A is an
absolute constant, see [30].
Sharp inequalities are known for sums involving logarithmic coefficients. For
instance, the logarithmic coefficients γn of every function f ∈ S satisfy the sharp
inequality
(1.2)
∞∑
n=1
|γn|
2 ≤
pi2
6
and the equality is attained for the Koebe function (see [6, Theorem 4]). Also, for
each f ∈ S the sharp inequality
∞∑
n=1
(
n
n+ 1
)2
|γn|
2 ≤ 4
∞∑
n=1
(
n
n+ 1
)2
1
n2
=
2pi2 − 12
3
holds (see [24]). Recently, Obradovic´ et al. [19] proved that the logarithmic coeffi-
cients γn of any f ∈ U(λ) satisfy the sharp inequality
∞∑
n=1
|γn|
2 ≤
1
4
(
pi2
6
+ 2Li2(λ) + Li2(λ
2)
)
,
where Li2 denotes the dilogarithm function and that the logarithmic coefficients γn
of f ∈ U(1) satisfy the inequality (1.2). Also, they proved that (see [19, Theorem
2]) the logarithmic coefficients γn of f ∈ G(a) satisfy the inequalities
∞∑
n=1
n2|γn|
2 ≤
a
4(a+ 2)
(0 < a ≤ 1),
∞∑
n=1
|γn|
2 ≤
a2
4
Li2
(
(1 + a)−2
)
(0 < a ≤ 1)
and
(1.3) |γn| ≤
a
2(a+ 1)n
(0 < a ≤ 1, n = 1, 2, . . .).
It’s worth mentioning, that the above inequality (1.3) is not sharp. Very recently
the sharp estimates for the initial logarithmic coefficients γn of f ∈ G(a) where
0 < a ≤ 1 and n = 1, 2, 3 were obtained by Ponnusamy et al. (see [22, Theorem
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2.10]). They, also studied the logarithmic inverse coefficients, denoted by Γn(F ),
of f ∈ G(a), where F is the inverse function of f ∈ G(a). For more details see [21].
In the sequel, we recall two certain subclasses of the starlike functions. Let
S(α, β) denote the class of all functions f ∈ A which satisfy the following two–
sided inequality
α < Re
{
zf ′(z)
f(z)
}
< β (α < 1, β > 1).
The class S(α, β) was introduced in [14] and studied in [15] and [29]. Also, we
expanded the class S(α, β) in [10]. By definition of subordination, f ∈ S(α, β) if,
and only if
(1.4)
zf ′(z)
f(z)
≺ Pα,β(z) (z ∈ ∆),
where
(1.5) Pα,β(z) := 1 +
β − α
pi
i log
(
1− e2pii
1−α
β−α z
1− z
)
.
The function Pα,β(z) is convex univalent in ∆ and has the form
(1.6) Pα,β(z) = 1 +
∞∑
n=1
Bnz
n,
where
(1.7) Bn =
β − α
npi
i
(
1− e2npii
1−α
β−α
)
(n = 1, 2, . . .)
and maps ∆ onto a convex domain
Ωα,β := {w ∈ C : α < Rew < β}
conformally. Recently, the function Pα,β(z) has been studied by many works, see
for example [8, 10, 14, 15, 28, 29].
Also, we say that a function f ∈ A belongs to the class M(δ), if f satisfies
1 +
δ − pi
2 sin δ
< Re
{
zf ′(z)
f(z)
}
< 1 +
δ
2 sin δ
(z ∈ ∆),
where pi/2 ≤ δ < pi. The classM(δ) was introduced by Kargar et al. [9]. Moreover,
by definition of subordination, f ∈ M(δ) if, and only if(
zf ′(z)
f(z)
− 1
)
≺ Bδ(z) (z ∈ ∆),
where
(1.8) Bδ(z) :=
1
2i sin δ
log
(
1 + zeiδ
1 + ze−iδ
)
(z ∈ ∆).
The function Bδ(z) due to Dorff [2] and studied in [3], [4], [12] and [13]. The
function Bδ(z) is convex univalent in ∆ and has the form
(1.9) Bδ(z) =
∞∑
n=1
Anz
n (z ∈ ∆),
where
(1.10) An =
(−1)(n−1) sinnδ
n sin δ
(n = 1, 2, . . .).
The following lemma due to Ruscheweyh and Stankiewicz, will be useful in this
paper.
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Lemma 1.1. (see [27]) Let φ, ϕ ∈ H be any convex univalent functions in ∆. If
f(z) ≺ φ(z) and g(z) ≺ ϕ(z), then
f(z) ∗ g(z) ≺ φ(z) ∗ ϕ(z) (z ∈ ∆),
where ”*” denotes the Hadamard product.
In this paper, some subordination relations among the classes S(α, β) andM(δ)
are presented. These relations are then used to obtain sharp estimates for sums
involving their logarithmic coefficients. Also, the estimate of logarithmic coefficients
for functions belonging to these subclasses are determined.
2. Main Results
One of the aims of this paper is the following theorem which will be useful in
order to estimate of sums involving logarithmic coefficients of functions in the class
S(α, β).
Theorem 2.1. Let f(z) ∈ A, α < 1 and β > 1. Also let Pα,β(z) be defined by
(1.5). If f(z) ∈ S(α, β), then
(2.1) log
{
f(z)
z
}
≺ P̂α,β(z),
where
(2.2) P̂α,β(z) :=
∫ z
0
Pα,β(t)− 1
t
dt,
and P̂α,β is convex univalent.
Proof. Let f(z) ∈ A. If we define p(z) := f(z)/z, then p(z) is analytic in ∆ and
p(0) = 1. Also, since f(z) ∈ S(α, β), therefore by (1.4), we have
(2.3)
zp′(z)
p(z)
=
zf ′(z)
f(z)
− 1 ≺ Pα,β(z)− 1 (z ∈ ∆),
where Pα,β is of the form (1.5). On the other hand, it is well–known that (see [25])
the function
ĥ(z) =
∞∑
n=1
zn
n
is convex univalent in ∆ and
ψ(z) ∗ ĥ(z) =
∫ z
0
ψ(t)
t
dt (ψ ∈ H).
Now by Lemma 1.1 and from (2.3) we get
(2.4)
zp′(z)
p(z)
∗ ĥ(z) ≺ (Pα,β(z)− 1) ∗ ĥ(z) (z ∈ ∆).
Moreover by (2.4), we can obtain (2.1). On the other hand, since Pα,β(z) and
ĥ(z) are convex univalent functions, by the Po`lya–Schoenberg conjecture (this con-
jecture states that the class of convex univalent functions is preserved under the
convolution) that is proved by Ruscheweyh and Sheil–Small (see [26]), the function
P̂α,β(z) is convex univalent, too. 
Because P̂α,β(z) is convex univalent, thus we get.
Corollary 2.1. Let f(z) ∈ S(α, β). Then
f(z)
z
≺ exp P̂α,β(z) (z ∈ ∆),
where P̂α,β(z) is given by (2.2).
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Theorem 2.2. For α < 1 and β > 1, the logarithmic coefficients of f ∈ S(α, β)
satisfy the following inequality
(2.5)
∞∑
n=1
|γn|
2 ≤
(β − α)2
4pi2
(
pi4
45
− Li4
(
e−2pii
1−α
β−α
)
− Li4
(
e2pii
1−α
β−α
))
,
where Li4 is defined as following
(2.6) Li4(z) =
∞∑
n=1
zn
n4
= −
1
2
∫ 1
0
log2(1/t) log(1− tz)
t
dt.
The result is sharp.
Proof. Let f ∈ S(α, β). Then by Theorem 2.1, we have
(2.7) log
{
f(z)
z
}
≺ P̂α,β(z),
where P̂α,β(z) is defined in (2.2). By using (1.6) and (1.7), one can rewrite P̂α,β(z)
as the following
(2.8) P̂α,β(z) =
∞∑
n=1
β − α
pin2
i
(
1− e2pini
1−α
β−α
)
zn.
With placement of (1.1) and (2.8) into (2.7), we get
∞∑
n=1
2γnz
n ≺
∞∑
n=1
β − α
pin2
i
(
1− e2pini
1−α
β−α
)
zn.
Applying Rogosinski’s theorem (see [23] or [5, Theorem 6.2]), we obtain
4
∞∑
n=1
|γn|
2 ≤
∞∑
n=1
(β − α)2
pi2n4
∣∣∣i(1− e2pini 1−αβ−α)∣∣∣2
=
2(β − α)2
pi2
∞∑
n=1
1
n4
(
1− cos 2pin
1− α
β − α
)
=
2(β − α)2
pi2
(
pi4
90
−
1
2
[
Li4
(
e−2pii
1−α
β−α
)
+ Li4
(
e2pii
1−α
β−α
)])
and we get the inequality (2.5). The inequality is sharp for the logarithmic coeffi-
cients of the function
Fα,β(z) = z exp P̂α,β(z),
where P̂α,β(z) is given by (2.2). A simple check gives us
γn(Fα,β(z)) =
β − α
2pin2
i
(
1− e2pini
1−α
β−α
)
and concluding the proof. 
Theorem 2.3. Let f ∈ A belongs to the class S(α, β) and γn be the logarithmic
coefficients of f . Then
(2.9) |γn| ≤
β − α
npi
∣∣∣∣sin pi(1− α)β − α
∣∣∣∣ (n ≥ 1, α < 1 < β).
Proof. If f ∈ A belongs to the class S(α, β), then by (1.4) we have
z
f ′(z)
f(z)
− 1 = z
(
log
{
f(z)
z
})
′
≺ Pα,β(z)− 1,
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where Pα,β is defined in (1.5). Moreover, in terms of the logarithmic coefficients γn
of f defined by (1.1) and (1.6), is equivalent to
∞∑
n=1
2nγnz
n ≺
∞∑
n=1
Bnz
n.
Now by Rogosinski’s theorem (see [23, Theorem X]), we get 2n|γn| ≤ |B1|. There-
fore the inequality (2.9) follows. This completes the proof. 
It is clear that if β → +∞, then S(α, β)→ S∗(α) (the class of starlike functions
of order α, where 0 ≤ α < 1). Thus we have the following result (see [19, Remark
1]).
Corollary 2.2. If f ∈ S(α, β) when β → +∞, then
|γn| ≤
β − α
npi
∣∣∣∣sin pi(1− α)β − α
∣∣∣∣ ≤ β − αnpi × pi(1− α)β − α = 1− αn (n ≥ 1).
Indeed, if f ∈ S∗(α) (0 ≤ α < 1) and γn is the corresponding logarithmic coeffi-
cients, then we have |γn| ≤ (1− α)/n for n ≥ 1.
Next, we have the following.
Theorem 2.4. Let pi/2 ≤ δ < pi. Also let Bδ(z) and An be defined by (1.8) and
(1.10), respectively. If f(z) ∈M(δ), then
log
{
f(z)
z
}
≺
∫ z
0
Bδ(t)
t
dt.
Moreover,
(2.10) B˜δ(z) :=
∫ z
0
Bδ(t)
t
dt =
∞∑
n=1
An
n
zn
is a convex univalent function.
Proof. The proof is similar to the proof of the Theorem 2.1, and thus we omit the
details. 
Since B˜δ(z) is a convex univalent function, thus we have.
Corollary 2.3. If f(z) ∈M(δ), then
f(z)
z
≺ exp B˜δ(z) (z ∈ ∆),
where B˜δ(z) is of the form (2.10).
Theorem 2.5. Let f ∈ A belongs to the class M(δ) and pi/2 ≤ δ < pi. Then the
logarithmic coefficients of f satisfy the inequality
(2.11)
∞∑
n=1
|γn|
2 ≤
1
16 sin2 δ
[
pi4
45
− Li4
(
e−2iδ
)
− Li4
(
e2iδ
)]
,
where Li4 is defined in (2.6). The result is sharp.
Proof. Let f ∈ M(δ). Then by Theorem 2.4, we have
log
{
f(z)
z
}
≺ B˜δ(z) (z ∈ ∆).(2.12)
By using (1.1) and (1.9), the relation (2.12) implies that
∞∑
n=1
2γnz
n ≺
∞∑
n=1
An
n
zn (z ∈ ∆).
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Now by Rogosinski’s theorem (see [23] or [5, Theorem 6.2]), we get
4
∞∑
n=1
|γn|
2 ≤
∞∑
n=1
1
n2
|An|
2
=
1
sin2 δ
∞∑
n=1
sin2 nδ
n4
=
1
sin2 δ
∞∑
n=1
(
1
180
[
pi4 − 45Li4
(
e−2iδ
)
− 45Li4
(
e2iδ
)])
,
where Li4 is defined by (2.6). Therefore the desired inequality (2.11) follows. For
the sharpness of (2.11), consider
Fδ(z) = z exp B˜δ(z),
where B˜δ(z) is defined by (2.10). It is easy to see that Fδ(z) ∈M(δ) and γn(Fδ) =
An/2n, where An is given by (1.10). Therefore, we have the equality in (2.11).
This is the end of proof. 
Theorem 2.6. Let pi/2 ≤ δ < pi. If f ∈ A belongs to the class M(δ), then the
logarithmic coefficients of f satisfy
|γn| ≤
1
2n
(n ≥ 1).
Proof. The proof is similar to the proof of the Theorem 2.3, and thus the details
are omitted 
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